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Abstract. In the presented work, the Cauchy problem for a first-order ordinary inhomogeneous differential
equation with a variable coefficient and continuously varying order of the derivative is considered and a new
expression for Dirac's "Delta" function is given. Note that this function was introduced by physicists.

The stated Cauchy problem is reduced to the Volterra-type integral equation of the second kind and is solved by
the successive approximation method. The convergence of the Neumann series was investigated using the
resolvent.

Various problems for ordinary linear differential equations with a constant coefficient and continuously varying
order of the derivative were discussed in [1-3].

In this work, the Cauchy problem is considered for the ordinary linear inhomogeneous differential equation with
variable coefficient and continuously varying order of the derivative.

Euler algebraized the ordinary linear homogeneous equation with constant coefficients and gave an invariant
function with respect to the derivative. Mittag-Lefler established this function for the ordinary linear fractional
derivative equation with constant coefficients and for a linear equation with constant coefficients and
continuously varying order of the derivative this function was established by V. Volterra [4].

Keywords: ordinary differential equation with a continuously varying order of the derivative, variable
coefficient equation, inhomogeneous linear equation, Cauchy problem.

The statement of the problem

Let's consider the Cauchy problem as follows:
y'(x) - [} D% [a(x, )y()] da = f(x), x> x, (1)
y(x0) = Yo, (2)

here a(x, ) is a continuous real-valued function of x and a with all its derivatives (with
respect to x) up to the first order, x, and y, are marked real constants, and f(x) is a
continuous real-valued function. D;‘g [a(x,a)y(x)] is the Riemann-Liouville derivative of

a€[0,1) order [5],

d (*(x — )¢
pfate y0l = o [ S atwan©d, ©
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and

o

(@ = 1) =T'(a) = f et te-14t,

0
Is the Euler integral for the "gamma" function.

y' () - f da— f ( _) XUt oyt = £(x)

y'(x) — <J; da Lo(x(:—a;!a(t, a)y(t)dt) = f(x).

Let's integrate the given equation (1) at (x,, x):

Y(6) — y (o) - j j (x _) OO ay(dt = j F(Odt,

y () - j da f (x _) Ut y®dt = yo + f @,

and we’ll get the following:

X 1 _ - x
y(x) = LO y(t)dtj; %a(t, a)da +f fdt + y,.

Xo
Let's assume that
a(t,a) = (—a)!a(t),
then from (5) we get

y(x) = j a(®)y(D)dt f (x — £)~%da + j £t + o,

0 0 X0
As is known that
(x—t)"1-1
In(x-t) °

[ (x =) %da = — [ (x — t)"%d(~a) = -
On the other hand, as mentioned after (8.20) in [5]:

(4)

(5)

(6)

(7)

(8)

€)

This shows that the Delta function is on the boundary between integrable (where the
integral is continuous) and non-integrable functions. That is, the Delta function has an
integral, but it is not continuous, it is a uniform Heaviside function. The step in N and Z is

one, and the step in R is (+0). The property of the delta function is (1-0). That's why

x—l

— = 6(x).
Inx

Then, if we consider (10) and (8), (7) will be in the following form.

y(0) = = [ a®yOde S22+ [T f©)dt + o,

v = - [ a@yst—0de+ [ a@yO s+ [ f@de+y,

X0
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1 * d *
Y = -5y + [ S2EL s [fodi+ v,
X d X
(1+552) 500 = [ 205+ [ o+ 5o
and within the condition
at)
<1 +T> 0, (11)

2 [ a® x ]
0 =5e | YO+ | @+ )

Xo

and

B a(t ) ‘ '
y(t) = g a(t) U It = (r)dr+ Jxof(r)dr+y0_,

and according to the successive apprOX|mat|on method

3 X a(t)dt 2 t a®)
S e Ux In(x— 0 2 +a(® (L (-0 4T
+ f(r)dr+yo)] ¥ ( | f(t)dt+yo>},
_ * * 2a(t)a(r)dt
Y& =0 fx YO | G  at)nt = 0 In(t =)
a(t)dt

2 d
+2+a(x)f n(x — ) 2+a(t)f f@de +
* a(t)dt 2
o e L n(x—0) 2+ a@®

2+ ( )
[ * 2a(t) 2a(r)
y(@) = Loy(r)dr (2 + a(®) In(x — t) Cra)mi-—o""
x 2a (t)dt
v (2+a()n(x—0)2+ a(t) f f@dr+
x 2a(t)dt 2
+f Z+a@)inz-02+a®” T 25 atx )(f fBde +yo). (12)
The last equation can be written as follows:
y00 = [ K Dy@dr+ A, (13)
So here the functions
K. (x,7) = x 2a(t) 2a(1) dt. 14

(2 + a(x)) In(x —t) (2 + a(t)) In(t — 1)
and
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(7 2a(t)dt 2 t
A= fxo (2 +a(x))In(x—t) 2+ a(t) Lof(r)dr *

x 2a(t)dt 2
J;O (2 + a(x)) In(x —t) 2 + a(t)

2 X
e (SO, a5)

are continuous.
y(1) = j Ky(1,2)y(2)dz + Fy(2) | (16)
Xo

and if we denote

y(x) = fol(x, 7)dT [fTKl(T, z)y(z)dz + Fl(r)l + F,(x) =

= fxy(z)dz ijl(x, T)K,(t,z)dt + ijl(x, T)F,(t)dt + F,(x).

X0 z Xo0

[; ki, 0K (Tmde = K(em) | [, Ki (o OF (@de + Fi(x) = F(x),
then

y(x) = j K, e, )y (ndn + Fy (o). a7

Xo
If we continue the process in this order, we get the Voltaire-type integral equations of the
second kind in the following form

() = f Ky G, 0y (0)dt + By (x) (18)

It is easy to see that the kernel (14) is continuous under condition (11) and the right-hand side
of (15) is bounded, i.e.

1Ky (x, t)| < Ky, (19)
|Fi(x)| < Fy, (20)
Kool = || KaGo 00K Ceme] < Ky =), 21)
n
and we’ll get
K (x| < kn E 9" 22)
I (O]

If we go to the limit (n - o) in (18), then
X
y(x) = lim E,(x) = F;(x) + f K; (x, t)F, (t)dt +
n—->oo x

0

+f;; K,(x, )F,(t)dt + - + f;; K,(x, t)F, (O)dt + -,

R(x,t) = Z K, (x,0) (23)
m=1
Then we’ll get

37



X
o
e

y(x) =F(x) + fo(x, t)F; (t)dt, (24)

Xo
The expression R(x,t) is the resolvent of the kernel K;(x,t) and the series (23) is the
Neumann series.

References

1. N.AAliyev, R.G. Ahmadov, (2019) "On the solution of a boundary value problem for a
first-order ordinary differential equation with a continuously varying order of the
derivative,” Lankaran State University, Scientific news. Mathematics and natural sciences,
no. 2, pp. 122--127.

2. N.A.Aliyev, R.G. Ahmadov, (2021) ~On the solution of the Cauchy problem for an
ordinary differential equation with a continuously varying order of the derivative,”
Proceedings of the International Conference “Trends and Prospects for the Development of
Science and Education in the Conditions of Globalization”, Pereyaslav-Khmelnitsky,
Ukraine, no. 75

3. N.AAliyev, R.G. Ahmadov, (2023) On an initial value problem for an ordinary
differential equation of order v with a continuously varying order of the derivative,”
Proceedings of the International Conference “Trends and Prospects for the Development of
Science and Education in the Conditions of Globalization”, Pereyaslav-Khmelnitsky,
Ukraine, no. 98.

4. V.Volterra (1982) Theory of Functionals, Integral and Integro-Differential Equations.
Science, Moscow, 304 p.

5. S.G. Samko, A. A. Kilbas, O. N. Marichev (1987) Integrals and Derivatives of Fractional
Order and Some af their Applications. Minsk, Science and Technology, 688 p.

TOROMOSININ TORTIBi KOSILMOZ DOYISON BiRiINCi TORTIB ADI, XOTTI
DOYISON OMSALLI BIRCINS OLMAYAN DIiFERENSIAL TONLIiK UCUN KOSi
MOSOLOSI

Nihan Oliyev
Ramiz 9Ohmadov

Baki Dévlat Universiteti, Baki, Azarbaycan

Togdim olunan isds téromasinin tartibi kasilmoz doyison birinci tortib adi, xotti doyison amsalli bircins olmayan
diferensial tonlik {i¢iin Kosi mosalasine baxilmisdir vo Dirakin “Delta” funksiyasi iigiin yeni ifade verilmisdir.
Qeyd edak ki, bu funksiya fiziklor torafindon daxil olunmusdur.

Toromosinin tortibi kosilmoz doyison adi, sabit omsalli, xatti diferensial tonliklor tig¢iin miixtalif masalalora [1-3]
do baxilmisdir.
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Qoyulmus Kosi masalasi ikinci ndv Volterra tipli inteqral tonliys gatirilorak, ardicil yaxinlagma iisulu ils hall
edilmisdir. Rezolventa vasitosi ilo alinan Neyman sirasinin yigilmasi arasdirilmisdir.

Eyler adi, sabit omsalli, xatti bircins tonliyi cobrilogdirib, toromoys nozoron invariant funksiyan verdiyi kimi,
kosr tortib toromali adi, sabit omsalli xotti tonlik {iglin bu funksiyani Mittaq-Lefler yerino yetirmisdir.
Toromasinin tartibi kasilmoz doyison sabit amsalli xatti tonlik ti¢iin iso bu funksiyanm1 V. Volterra qurmusdur
[4].

Acar sozlor: téromosinin tortibi kosilmoz doyison adi differensial tonlik, doyison omsalli tonlik, geyri-bircins

xotti tonlik, Kosi masalasi

3AJAYA Koo JJIsA HEOJHOPOJHOTI'O, OBBIKHOBEHHOI'O
JNPODOEPEHIIUAJIBHOI'O YPABHEHUA IHEPBOI'O IHOPAIAKA C
NEPEMEHHBIMH KOJ2®®UIIMEHTAMH, TMOPAJOK ITPOU3BOJIHOU
KOTOPOI'O MEHAETCSA HEITPEPBIBHBIM OBPA30OM

Huxan AiueB
Pamu3 AxmenoB

BaxuHCKHI rocymapcTBEHHBIH YHUBEpCHUTET, baky, A3epOaiimkan

B mnpencraBnenHoit pabotre paccmarpuBaercsi 3ajada Komm s HEOJHOPOAHOTO, OOBIKHOBEHHOTO
I hepeHInanbHOr0 ypaBHEHHS IEPBOroO MOPSAAKa ¢ MEPEMEHHBIMU KO3 QUIIMEHTaMH, TOPSIOK IPOH3BOTHOM
KOTOPOTO MEHSETCS] HeNPEPHIBHBIM 00Pa30M U ONpeeIeHO HOBOE MPEACTABICHUE st O-QyHKIuH Jupaka.

B pa6orax [1-3] paccMOTpeHBI pasinuHbIE 3aJa4d IS JIHHEHHOTO OOBIKHOBEHHOTO AH((pepeHIInaTIbHOTO
YPaBHEHUs C IOCTOSHHBIMH KO3((HIMEHTaMH, MOPSAOK NPOU3BOAHON KOTOPOrO, MEHSETCSl HEelpepbIBHBIM
obpazom.

PaccmarpuBaemast 31ech 3amada Ko npuBoauTCS K MHTETpajlibHOMY YpaBHEHHIO BolbTeppa BTOpOTo pojaa u
pemiaeTcs ¢ MOMOIIbI0 METO/A MOCIEeA0BaTeNIbHBIX NpubmKkeHuit. VcenenoBana cxoaumocTs psina Heiimana,
HOJIyYEHHOW C TIOMOLIBIO PE30JIbBEHTEL.

Eiinep anre6pan3npoBaB OOBIKHOBEHHOE, C IMOCTOSHHBIM KOJ(M(QHIMESHTOM JTHHEHHOE OIHOPOIHOE ypaBHEHHE,
OIIpe/IeINi HHBAPHAHTHYIO (DYHKIIMIO OTHOCUTENBLHO IPON3BOIHOM. A Murrar-Jleduep BBIOIHUI Ty ke CaMyro
paboTy 1isi OOBIKHOBEHHOTO, C MIOCTOSHHBIM KO3 (QHIIMEHTOM JIMHESHHOTO YpaBHEHHMS C JPOOHON NPOM3BOTHOM.
Jnst nuHeliHOro auddepeHnuaibHOro ypaBHEHUs ¢ TOCTOSTHHBIME KO(G(HIMEHTaMH, OPSIOK POU3BOJHOM,
KOTOPOTO MEHSIETCS HeTPEPhIBHBIM 00pa3oM, 3Ty GyHKuuio moctpownt B.Bomsreppa [4].

KoaroueBble ciioBa: oObikHOBeHHOE nuddepeHnnaibHOe ypaBHEHHE C HENPEPHIBHO MEHSFOLIMMCS MOPSIIKOM
NPOU3BOJHOM, ypaBHEHHE C NMEpeMEHHBIMH KOd()(UIMEHTAMH, HEOJHOPOAHOE JMHEHHOEe ypaBHEHHWe, 3ajnada

Komm
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